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i i i  

This Memorandum presents one aspect  of a f e a s i b i l i t y  study of 

la rge  o rb i t i ng  aper tures  undertaken a t  RAND f o r  the  National 

Aeronautics and Space Administration, a t  the reques t  of A. M .  Andrus, 

t o  assist i n  determining requirements f o r  the  Applications Technology 

S a t  e 1 1 i te 4 program . 
A l a rge  ape r tu re  es tab l i shed  i n  a synchronous o r b i t  would con- 

s t i t u t e  a highly d i r e c t i o n a l  antenna. In order  t o  use t h i s  

d i r e c t i v i t y ,  i t  is  necessary t o  have a p rec i se  a t t i t u d e  cont ro l  

system f o r  the  vehic le .  This Memorandum provides c e r t a i n  working 

formulas f o r  determining the  a t t i t u d e  con t ro l  f u e l  requirements f o r  

s t a b i l i z a t i o n  and cont ro l  of la rge  aper tures  i n  synchronous o r b i t s .  

A veh ic l e  of t h i s  type is  appl icable  t o  the  f i e l d s  of terrestrial 

communication, navigat ion and surve i l lance  a s  w e l l  as space ccinmunica- 

t i on  and rad io  astronomy. In addi t ion ,  a t  such time as the  veh ic l e  

s i z e  and weight,  and mission requirements, a r e  spec i f i ed ,  the r e s u l t s  

of t h i s  Memorandum can be used t o  determine the  weight which must be 

a l loca t ed  t o  the  a t t i t u d e  cont ro l  system. 
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SUMMARY 

I f  a l a rge  ape r tu re  could be es tab l i shed  i n  a synchronous o r b i t ,  

it could be used as a highly d i r e c t i o n a l  antenna. In  order  t o  use 

these  d i r e c t i o n a l  p r o p e r t i e s ,  a prec ise  a t t i t u d e  con t ro l  system i s  

necessary.  

This Memorandum analyzes  the fue l  requirements of the a t t i t u d e  

con t ro l  motors in order  t o  achieve c e r t a i n  v a r i a t i o n s  i n  o r i en ta t ion .  

The r e s u l t s  i nd ica t e  t h a t  the requirements f o r  holding a steady a t t i -  

tude i n  e i t h e r  p i t c h  o r  r o l l  are reasonably modest, while  maintenance 

of high-frequency o s c i l l a t i o n s  of the veh ic l e  may r e s u l t  i n  excessive 

f u e l  expenditure.  The f e a s i b i l i t y  of any such system depends on the  

s i ze  of the  o r b i t i n g  v e h i c l e  and the  a t t i t u d e  v a r i a t i o n s  required f o r  

i t s  mission. 
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I. INTRODUCTION 

It has been suggested t h a t  i f  a l a r g e  ape r tu re  could be e s t ab -  

l i s h e d  i n  a synchronous o r b i t ,  i t  would provide a h ighly  d i r e c t i o n a l  

antenna which could be use fu l  i n  the f i e l d s  of communication, navi -  

ga t ion  and su rve i l l ance  s a t e l l i t e s ,  as w e l l  as deep space communication 

and r ad io  astronomy. 

p e r t i e s  of such a v e h i c l e ,  a prec ise  a t t i t u d e  c o n t r o l  system is  

requi red .  Since the veh ic l e  i s  f ixed r e l a t i v e  t o  the  e a r t h ,  i t s  

a t t i t u d e  can be determined from the ground by observing two crossed 

in te r fe rometers  mounted i n  t h e  plane of t he  r e f l e c t o r .  The a c t u a l  

c o n t r o l  of the  a t t i t u d e  of t he  veh ic l e  can then be achieved by means 

of low-thrust  motors mounted on i t s  per iphery as shown i n  Fig.  1. 

Such a conf igura t ion  could provide both p o s i t i v e  and negat ive  moments 

i n  p i t c h ,  r o l l  and yaw by f i r i n g  the appropr i a t e  d i ame t r i ca l ly  op- 

p o s i t e  pairs on command from the  ground. 

In order  t o  make use of t h e  d i r e c t i o n a l  pro- 

This Memorandum presents  an ana lys i s  of the f u e l  requirements 

f o r  such an a t t i t u d e  c o n t r o l  system f o r  va r ious  modes of operat ion of 

the  v e h i c l e  and r ep resen t s  one p a r t  of a f e a s i b i l i t y  study of t h i s  

type of sa te l l i t e  v e h i c l e .  Since it i s  no t  t he  purpose of t h i s  

Memorandum t o  analyze a s p e c i f i c  s a t e l l i t e  conf igura t ion ,  the  f u e l  

requirements are determined as a percentage of the  t o t a l  weight on 

o r b i t  as a func t ion  of such design parameters as rad ius  of the p l a t e ,  

s p e c i f i c  impulse of the  f u e l ,  time of operat ion and c e r t a i n  cha rac t e r -  

i s t i c s  of t h e  required v a r i a t i o n s  in  a t t i t u d e .  Thus, the  r e s u l t i n g  

formulas should be use fu l  i n  a r r iv ing  a t  the  des ign  of such a sa te l l i t e .  
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Fig. 1 - Control motor configuration 
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11. ANALYSIS 

STATE24ENT OF THE PROBLEM 

For the purposes of t h i s  problem, the  satel l i te  veh ic l e  i s  assumed 

t o  be on a c i r c u l a r  synchronous o r b i t .  

the  veh ic l e  i s  taken a s  a f l a t  c i r c u l a r  p l a t e  of rad ius  ro and mass 

m . To specify the o r i en ta t ion  of the veh ic l e  two coordinate  systems 

are used, as shown i n  Fig.  2. 

A re ference  configurat ion of 

0 

The X ,  Y ,  Z system i s  an o r b i t a l  coordinate  system with the  Y axis 

along the  instantaneous v e r t i c a l  and the Z axis along the  normal t o  the  

o r b i t a l  plane.  For the  c i r c u l a r  o r b i t ,  the o r b i t a l  ve loc i ty  i s  along the  

nega t ive  X axis, and the  o r b i t a l  angular r a t e  6 i s  along the pos i t i ve  

Z axis. 

The x ,  y ,  z system i s  a s e t  of body axes f ixed t o  the  vehic le  with 

the  f l a t  p la te  i n  the  xz plane. The o r i en ta t ion  angles  of t h i s  system 

r e l a t i v e  t o  the  X, Y ,  Z system a r e  shown i n  Fig.  2 where cy (p i tch)  

i s  a r o t a t i o n  about the  z axis, f~ ( r o l l )  i s  a r o t a t i o n  about the  x axis 

and Jr (yaw) i s  a r o t a t i o n  about the y axis. Thus, f o r  zero p i t ch ,  r o l l  

and yaw, the f l a t  p l a t e  i s  oriented ho r i zon ta l ly .  

The problem i s  t o  specify a su i t ab le  con t ro l  l a w  f o r  the a s soc i -  

a t ed  cont ro l  motors and t o  determine the r e s u l t i n g  response charac te r -  

i s t ics  and fue l  consumption of the cont ro l  motors. 

GENERAL EQUATIONS OF MOTION 

The general  equations describing the  motion of a satel l i te  veh ic l e  

about i t s  center  of mass and including the  e f f e c t  of the  g rav i t a t iona l  

grad ien t  have been derived i n  Ref. 1 a s  follows 
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cx M 
b c  + -  

Y Y Ix X X 

M 2 

d t  WZ% IXI; + Icy 
y y  Y 

3g0R0 ( - - -  
3 r 

(IyI- 'x) b a  + -  
r Z 

d t  

where wX, u) , wZ a r e  the  components of the  veh ic l e  angular ve loc i ty  

and a r e  given by 
Y 

= - (dC + 4) cos 6 s i n  Q + cos ~r 
wX 

u) = (& + it) s i n  i3 + J; 

wZ 

Y 

= (& + 4) cos B cos Q + s i n  ~r 

(3)  

and a b c a r e  the d i r e c t i o n  cosines of the  Y a x i s  i n  the  x ,  y ,  z 

system. These a r e  given by 
Y '  Y '  Y 

a = s i n  cy cos I$ -t cos cy s i n  $ s i n  Q 
Y 

b = cos cy COS $ 
Y 

c = s i n  cy sin $ - cos cy s i n  $ cos Q 
Y 

The q u a n t i t i e s  I I and I represent  the moments of i n e r t i a  of the 

v e h i c l e  i n  r o l l ,  yaw and p i t ch  respec t ive ly ;  while Mcx, M 

the  corresponding cont ro l  moments. In  add i t ion ,  R i s  the radius  of 

t he  e a r t h ,  g i s  the  g rav i t a t iona l  acce le ra t ion  a t  the  e a r t h ' s  sur face  

and r i s  the r a d i a l  d i s tance  from the e a r t h ' s  cen ter  t o  the  veh ic l e .  

x '  Y Z 

and Mcz a r e  
CY 

0 

0 
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LINEARIZED EQUATIONS OF MOTION 

I n  view of the f ac t  t h a t  a t  synchronous a l t i t u d e  the  e a r t h  sub- 

0 tends an angle  of 17.4 t h e  rqljirerl va11_1es of Q ,  $ for fer-  

res t r ia l  t a r g e t s  w i l l  be  s m a l l .  

be s implif ied as follows. 

As a r e s u l t ,  the  above equat ions can 

For a c i r c u l a r  o r b i t  the  o r b i t a l  angular  rate i s  cons tan t  and 

g iv  en by 2 
2 - goRo - -  

3 b2 = wo 
r 

A l s o ,  f o r  s m a l l  va lues  of t he  angles  cy, p and $ ,  the  angular  v e l o c i t y  

components a and u) become x' O.'y 2 

ox = - Wo$ + B 

w = woB + 4 
w2 = W 0 + &  

Y 

while  the d i r e c t i o n  cosines  a b and c are given by 
Y '  Y Y 

a = c y  
Y 

b = 1  
Y 

c = - p  
Y 

Subs t i t u t ion  of Eqs. (10-16) i n  Eqs. (1-3) g ives  

.. B + 4 W 0  2(Iz1 -  t) B +  (Iz  - - ") Uo$ = MCX - 
X X IX 
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cz M 
a + 3 w o  2 (11:1)  - a = -  Iz 

Since the configurat ion i s  planar  and c i r c u l a r ,  the following r e l a t i o n s  

exist between the moments of i n e r t i a  

1 I x = I z = - I  
2 Y  

This  f u r t h e r  s impl i f i e s  E q s .  (17-19) to  the form 

.. 2 Mcx B - 4W0B - 2w0$ = - 
X 
I 

M 
-cy .. 

$ + w o i  - 1 
Y 

cz  M - - -  .. 2 
Q, - 3woa 

I Z  

It is  seen t h a t  bas i ca l ly  Eqs. (21)-(23) represent  the  be-  

havior  of a moment of i n e r t i a  under the  inf luence of a con t ro l  moment 

M . However, i n  the case of both p i t c h  and r o l l  t he re  i s  a s m a l l  de- 

s t a b i l i z i n g  term. Also,  i n  the  case of r o l l  and yaw the motions are 

coupled through the  o r b i t a l  angular rate wo. Since the  coupling i s  

weak, it is  poss ib l e  t o  specify the p i t c h ,  r o l l  and yaw con t ro l  moments 

as follows 

C 

M cx = - klx(B - 8,) - k2x8 (24) 

M CY = - kly$ - k2y$ (25) 

where cy and pi are the  input  values  of the p i t c h  and r o l l  angles .  i 
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The corresponding va lue  of Jr  

d r i v e  the system i n  yaw. 

i s  zero s i n c e  the re  i s  no reason t o  i 

Subs t i t u t ion  of Eqs. (24-26) i n t o  Eqs. (21-23) gives  

2 bi + 2q.p + %CY 

where 

2 klx 2 

Y 
"n =I - 

X 

I 
X Y 

This p a r t i c u l a r  choice of con t ro l  cons tan ts  r e s u l t s  i n  a c r i t i c a l l y  

damped response i n  p i t c h ,  r o l l  and yaw. 

It is seen t h a t  Eq. (29) desc r ib ing  the p i t c h  motion i s  completely 

uncoupled whereas Eqs. (27) and (28) desc r ib ing  the r o l l  and yaw motions 

are coupled. The so lu t ions  of t hese  equat ions are discussed i n  the next 

two sections. 

PITCH RESPONSE 

I n  t h i s  s ec t ion  the  so lu t ion  f o r  the p i t c h  response t o  a s t e p  change 

i n  cyi and a l s o  a s inusoida l  v a r i a t i o n  of (Y 

the  propulsion requirements f o r  t hese  responses .  

are determined as w e l l  as 
i 
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Step Input  

I f  the  des i r ed  p i t c h  ang le  cy i s  given by the  r e l a t i o n  
i 

cyi = 0 f o r  t < 0 

- f o r  t > 0 - 

then the  so lu t ion  of Eq. (29) i s  of t he  form 

which is  the  c h a r a c t e r i s t i c  c r i t i c a l l y  damped response t o  a s t e p  input .  

I f  a system time cons tan t  T i s  def ined as 
0 

then by means of Eq. (33) i t  can b e  shown t h a t  To is  the  t i m e  i t  takes  

f o r  Q t o  reach 98 .64  p e r  cen t  of i t s  f i n a l  va lue  i n  response t o  a s t e p  

input .  Figure 3 i s  a p l o t  of CY as  a func t ion  of t / T  . 
0 

I f  To i s  s m a l l  compared to  the o r b i t a l  period (24 hours) then 

Eq. (33) becomes 

The required con t ro l  moment can be determined by s u b s t i t u t i n g  Eq. (33) 

i n t o  Eq. (23) t o  g ive  
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2 I-( + 30,) 
2 -Writ 

1- %l 
- 3u0 + e 

2 2 

2 
Mcz oh + 3w0 - =  

# z I 

1 

and i f  T i s  small ( i . e .  , tun >> wo) then 
0 

Equation (37) shows t h a t  the control  moment i s  composed of a steady- 

s t a t e  term and a t r a n s i e n t  term . 
r a t e l y  a s  fol lows.  

These two p a r t s  a r e  considered sepa- 

Transient  Control Moment. From Eq. (37) the t r a n s i e n t  cont ro l  

moment i s  given by 

(1 - writ> 2 -Ulnt 
Trans. 

I f  t h i s  moment i s  supplied by a rocke t  motor of t h r u s t  T ,  located on 

the periphery of the f l a t  p l a t e ,  then 

Mcz = Tro 

where r i s  the rad ius  of the p l a t e .  
0 

The t h r u s t  of the motor i s  given by 

3 

(39) 
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The t o t a l  impulse I i s  given by 

W 
n 

e r  
0 

I f  the f l a t  p l a t e  has  a uniform mass d i s t r i b u t i o n ,  i t s  moment of i n -  

e r t ia  in p i t c h  is given by 

1 2  = - r n  r 
I Z  4 0 0  

and the  t o t a l  impulse becomes 

m r  = a 0  0 0  

e To 
I =  (43) 

I f  t h e  f u e l  used i n  the  rocke t  motor has a s p e c i f i c  impulse of 

then the  r a t i o  of required f u e l  weight t o  t o t a l  weight on o r b i t  I 

i s  given by 
SP 

- = cvoro 
T I  - ( ?) Trans.  ego 0 sp  

(44 1 

Steady-State Control Moment. The s t eady- s t a t e  moment from Eq. (37) 

i s  (2) = - 3 w  2 cyo 

0 ss 
(45 1 

The required t h r u s t  i s  given by 
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and the  t o t a l  impulse is expressed as 

2 3 m r  u) CY 

4 t 0 0  0 0 
t 

I = IT1 d t  = 
0 

F i n a l l y ,  the  mass of f u e l  required i s  given by 

(47) 

This represents  a steady consumption of f u e l  needed t o  hold the  v e h i c l e  

a t  an angle cyo aga ins t  the  g rav i ty  grad ien t  moment about the p i t c h  axis. 

Equation (48) is  based on the  assumption t h a t  cy i s  a s m a l l  angle .  
0 

However, f o r  deep space communication o r  r ad io  astronomy appl ica t ions ,  

i t  may be necessary t o  consider  large p i t c h  angles .  An examination of 

Eq. (3) shows t h a t  t he  con t ro l  moment necessary t o  counteract  the  

g rav i ty  g rad ien t  moment in  p i t c h  i s  

(49 1 2 = - 3w0 s i n  cy cos cy 

where both p and (I are zero.  

equal t o  45' i n  which case  

The maximum value  of M occurs f o r  cy 
C Z  

2 
M C Z  .3w0 

I Z  
- 2  - =  

By the  method used i n  obtaining Eq. (48) ,  i t  can be shown t h a t  

the steady- state f u e l  consumption is 
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Maximum Accelerat ion.  An examination of Eq.  (38) shows t h a t  t he  

maximum con t ro l  moment occurs a t  time zero  and i s  given by 

Thus, the maximum l i n e a r  acce le ra t ion  of t h e  p o i n t  of t h r u s t  app l i ca -  

t i o n  i s  expressed i n  g ’ s  as 

L 

‘oao n =  
g0 

Sinusoidal InDut 

For c e r t a i n  a p p l i c a t i o n s ,  i t  may be d e s i r a b l e  t o  cause the  p l a t e  

t o  undergo a s inuso ida l  o s c i l l a t i o n  i n  p i t ch .  I n  t h i s  case 

cyi = cyo s i n  W t  (54 1 

and the r e s u l t i n g  s t eady- s t a t e  so lu t ion  of Eq.  (29) i s  

where 
2wnw 
2 2  

t a n  cp = 

u h - w  

(55) 

(56) 
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and w i s  the d r iv ing  frequency. 

Subs t i t u t ion  of Eq. (55) i n t o  Eq. (23) gives the  con t ro l  moment 

required as 

2 2 2  2 

2 2  

M CZ ao(wn + 3w0) (u, + 3w0) 
s i n  ( u t  - fa) - =  - 

wn + w z I (57) 

I f  (I> i s  l a r g e  compared t o  both the o r b i t a l  angular  rate w and the  

d r i v i n g  frequency w , then 

n 0 

A s  befo re ,  the required rocket  t h r u s t  i s  determined as 

@o mora 2 2 
(u, + 3w0) sin ( w t  - 9) T = -  

4 

The t o t a l  impulse p e r  cyc le  i s  obtained from the  expression 

2Tr + Q-J 

u) 

I=! IT1 a t  
Q 
w 

( 5 9 )  

W 



16 

from which the  required f u e l  consumption per  cyc le  i s  determined as 

YAW-ROLL RESPONSE 

A s  has a l ready  been ind ica ted ,  Eqs. (21) and ( 2 2 ) ,  which determine 

the r o l l  and yaw behavior of the v e h i c l e ,  a r e  coupled. Thus, although 

r o l l  and p i t c h  determine the o r i en ta t ion  of the  normal of the  p l a t e ,  

it i s  not  poss ib le  t o  con t ro l  the r o l l  a t t i t u d e  without  inducing motion 

i n  yaw. I f  t h i s  yawing motion i s  n o t  con t ro l l ed  and reduced t o  zero ,  

the i d e n t i f i c a t i o n  of the  appropr ia te  p i t c h  and r o l l  con t ro l  motors 

becomes d i f f i c u l t .  Thus, i n  determining the  f u e l  requirement f o r  r o l l  

con t ro l ,  i t  is  necessary t o  include the  f u e l  used i n  damping out  the  

induced yaw motion. 

Step Input 

I f  the des i r ed  r o l l  angle  Pi  i s  given by the  r e l a t i o n  

B i = o  t < O  

= B o  t > O  

then the simultaneous so lu t ion  of Eqs. (21) and (22) gives 

n n 

and 

-w t 
2 2 

(wn + 4w0, n J r = -  6 Bowot  e 

where the e f f e c t  of c ros s  coupling on the  c h a r a c t e r i s t i c  f requencies  

is  neglected.  
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Subs t i t u t ion  of these  so lu t ions  i n t o  Eqs. (24) and (25) gives  the  

f ol lowing con t r o  1 moment expres s ions 

Mcx 2 2 - w t  n - = p0 [- 4mo + w e 
I X  

(1 - writ)] n 

-w t 3 2  n B w w n t  (6 - wnt)e 
0 0  

M 

I 6 
c y =  - 

Y 

It i s  seen t h a t  t he  r o l l  cont ro l  moment has both a s t eady- s t a t e  

and a t r a n s i e n t  component while  the yaw con t ro l  moment has  only a 

t r a n s i e n t  term. A s  i n  t he  p i t c h  response, these  w i l l  b e  t r ea t ed  separ- 

a t e l y .  

Transient  Control Moment. As befo re ,  the f u e l  requirement f o r  

the  t r a n s i e n t  terms of Eqs. (64) and (65) can be expressed as follows 

= - [ +  Bor, + 9 
0 \ mo J Trans. g0Isp 

where the  f i r s t  term arises from the 

l as t  i s  from the  induced yaw cont ro l  

r o l l  con t ro l  moment while  the  

and terms of the  order  of e -6 

i n s i d e  the  bracke ts  have been neglected.  

Steady-State  Control Moment. The s t eady- s t a t e  con t ro l  moment i n  

t h e  roll equat ion gives  r ise  to  a f u e l  requirement expressed as 

3 
r wL 
0 0 Bo t 
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While Eq. (67) app l i e s  f o r  small va lues  of B o ,  the  corresponding 

r e l a t i o n  f o r  l a r g e  angles  i s  obtained i n  a manner similar t o  t h a t  used 

i n  the  p i t ch  case.  The r o l l  con t ro l  moment i s  given by 

MCX 2 

I X  

- = - 4w s i n  B cos p 
0 

where both cy and Jr  are zero.  

f3 equal t o  45' in  which case the  s t eady- s t a t e  f u e l  requirement i s  

A s  befo re ,  the  maximum moment occurs f o r  

r w2 t 
0 0  ( z)ss = 2goIsp 

Sinusoidal  Input 

A s  i n  the case  of the  p i t c h  motion, i t  may be d e s i r a b l e  t o  d r i v e  

the  system s inusoida l ly  i n  r o l l .  I n  t h i s  case 

and t h e  r e s u l t i n g  s t eady- s t a t e  so lu t ion  of Eqs. (27) and (28) has  the  

f onn 
2 2 

w n + 4 W O  

wn + w 
B =  s i n  ( w t  - sp) 2 2 8 0  

and 

2 2 
(wn + 4wo)  Bowow 

<wn + w ) 
cos ( w t  - 6 )  J r =  2 2 2  
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where 

2 w n  
2 2  tan (6, = 

wn - w 

2 2  

2 2  4 
4wn(wn - tb) 1 

- 6 y . p  + %  
t an  6 = 

(73) 

(74 )  

The f u e l  requirement associated wi th  the r o l l  con t ro l  system can 

be w r i t t e n  down by analogy with Eq. (61) as fol lows 

2 
r (w2 + 4m 

0 
per  cyc le  

mF - '0 o - -  
m 0 g0Ispw 

(75) 

while  the  f u e l  requirement f o r  t he  assoc ia ted  yaw con t ro l  response can 

be determined as 

m 2Borowo 

m 0 g0Isp 
- p e r  cyc le  (76) 

- -  F 

where wn 2 i s  l a rge  compared t o  e i t h e r  w 2 o r  wo. 2 Thus, the  t o t a l  f u e l  

requirement f o r  a s inuso ida l  motion i n  r o l l  i s  given by the  sum of 

Eqs. (75) and (76) as 

2 

p e r  cyc le  [ w2 1 m 2wwo + 4tb)0 
- = -  

w (77) 

BANG-BANG CONTRDL 

I n  the  a n a l y s i s  presented thus f a r ,  i t  has  been assumed t h a t  t he  

c o n t r o l  motors have a continuously v a r i a b l e  t h r u s t  determined by the  
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cont ro l  l a w s  spec i f i ed  i n  E q s .  (24-26). However, i t  i s  e n t i r e l y  pos- 

s i b l e  t o  mechanize a con t ro l  system i n  which the  con t ro l  motors of 

F i g .  1 iiav-e a val.ue of LL -.-- * - -A  *Le -..-:*..A- -c *LA . . . . - l<A L i i L u a L  aiiu LUG uia&;riLLuuC V L  LUG C L ~ ~ L I G -  

impulse i s  determined by the du ra t ion .  

motion of the  v e h i c l e  i n  p i t c h  neg lec t ing  the  g rav i ty  g rad ien t  term. 

Equation (23) becomes 

A s  an example, consider  t he  

I f  the  con t ro l  m o m e n t  i s  given by 

I 
0 Mcz = + M o  (0 < t < T )  

T - 
0 Mcz = - Mo (T < t < To) (79) 

it can be shown t h a t  the so lu t ion  of Eq. (78)  i s  

M tL 

2 
0 Izp = - 

(0 < t < + )  I 

T 2  
O )  

0 
M T  T M 
0 0  ( t  - - O )  - y ( t - -  2 2 Izcy  = - 2 

2 M T  
+-  8 

0 0  

Thus the r e s u l t i n g  p i t c h  d e f l e c t i o n  a f t e r  the a p p l i c a t i o n  of the  double 

pulse  i s  given by 
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2 
MoTo = -  

%‘yo 4 

The steady t h r u s t  required t o  produce a d e f l e c t i o n  cy 

expressed as 

i n  time To i s  
0 

41 cyo z 
2 T =  

‘oTo 

m r  
0 0 - - 

2 
TO 

whi le  the t o t a l  impulse i s  

m r  
0 0 - 

0 
I = T T o -  T 

and t h e  required f u e l  i s  determined as 

r w  mF 0 0  - =  
T 

0 g0Isp 0 
m 

A comparison of Eq. (85) with Eq. (44) shows t h a t  t,,e v a r i a b l e  t h r u s t  

system requ i r e s  s l i g h t l y  more f u e l  by a f a c t o r  of n/e o r  1.155. 

However, it can be shown t h a t  the m a x i m u m  pe r iphe ra l  a c c e l e r a t i o n  

i n  this case  is  given by 

A canparison of Eq. ( 8 6 )  with Eq. (53) shows t h a t  t h e  v a r i a b l e  t h r u s t  

system a p p l i e s  h igher  peak acce le ra t ions  by a f a c t o r  of n2 or about  10. 
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111. RESULTS 

This s ec t ion  presents  t h e  numerical r e s u l t s  based on the  ana lys i s  

presented i n  t h e  previous sec t ion .  These r e s u l t s  are i n  the  form of 

the fue l  requirements f o r  var ious  modes of a t t i t u d e  con t ro l .  

STEP CHANGE I N  ATTITUDE 

The f u e l  requirement f o r  s t e p  changes i n  p i t c h  and r o l l  a r e  given 

by Eqs. (44)  and (66) respec t ive ly .  An examination of these two re- 

l a t i o n s  shows t h a t  i f  the  system t i m e  cons tan t  T i s  s m a l l  compared t o  

the  24-hour o r b i t a l  per iod,  t h e  two expressions a r e  i d e n t i c a l  and can 

be expressed i n  t h e  form 

0 

where A 

Eq. (87) as  a funct ion of the response t i m e  T . 
is  the s t e p  amplitude cyo o r  Bo. Figure 4 presents  a p l o t  of 

0 

0 

A s  an example, suppose t h a t  a f l a t  p l a t e  of rad ius  r equal t o  
0 

500 f t  i s  required t o  make an a t t i t u d e  change of A 

a time T 

impulse I equal t o  70 sec. From Fig.  4 it is  seen t h a t  

equal t o  1 7 O ,  i n  
0 

equal t o  300 sec using a con t ro l  rocket  f u e l  with a s p e c i f i c  
0 

SP 

= 2.088 x 10 -6 

o r  

mF -4 - = 2.538 x 10 
m 
0 
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1 o5 
.- 
l o  (4 

Fi9.4- Fuel requirement for step change i n  p i tch or ro l l  attitude 
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* 

The above case represents  a change i n  a t t i t u d e  equal  t o  the  t o t a l  angle  

subtended by the  e a r t h  a t  synchronous a l t i t u d e  u t i l i z i n g  a f u e l  com- 

parable  t o  e i t h e r  cold gas or  a subliming s o l i d .  

While the  mass f r a c t i o n  required f o r  one such s t e p  change seems 

small, t he  t o t a l  requirement would depend on the  frequency a t  which 

such s tep  changes might be required.  

From Eq. (53) the  maximum pe r iphe ra l  a c c e l e r a t i o n  during t h i s  

-3 s t e p  response can be  determined as 2.021 x 10 g ' s  , while  the  cor re-  

sponding m a x i m u m  acce le ra t ion  using the  bang-bang con t ro l  system i s  

determined from Eq. ( 8 6 )  as 2.048 x 10 g ' s .  
-4 

STEADY-STATE DEFLECTION 

Equations (48)  and ( 6 7 )  give the  f u e l  requirements f o r  maintaining 

steady de f l ec t ions  i n  p i t c h  and r o l l  r e spec t ive ly  and can b e  expressed 

as 

P i t c h  

Roll 

Figure 5 i s  a p l o t  of Eqs. (90) and (91) where A. r ep resen t s  

e i t h e r  cy o r  Bo. 
0 

A s  an example, suppose a p l a t e  of rad ius  r equal  t o  500 f t  i s  
0 

required t o  hold a p i t c h  a t t i t u d e  of 8' f o r  one yea r  using a con t ro l  

rocket f u e l  with a s p e c i f i c  impulse of 70 set. From Fig.  5 i t  i s  seen 

t h a t  
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1 

1 

I I I I I l l 1  1 
1 10 1 o2 1 (  3 

t (day5 1 

Fig.5-Fuel requirement for steady-state deflection in pitch or roll attitude 
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(:)(%) = 6.782 x 10 -5 

mF - -  - 3.876 x 
m 
0 

(93) 

l e c t i o n  i n  p i t c h  i s  approximately t h e  m a x i m u m  Gzflect ion 

from the v e r t i c a l  required f o r  any t e r r e s t r i a l  t a r g e t  from synchronous 

a l t i t u d e ,  and such a de f l ec t ion  requi res  less than .5 pe r  cent  of t o t a l  

vehic le  weight f o r  t h e  f u e l  t o  maintain t h i s  a t t i t u d e  f o r  a year .  

A s  pointed out  i n  t h e  previous s e c t i o n ,  t h e  m a x i m u m  s t eady- s t a t e  

control  moment required t o  counterac t  t h e  g rav i ty  g rad ien t  moment occurs 

f o r  a de f l ec t ion  angle  of 45' i n  e i t h e r  p i t c h  o r  r o l l .  

quirement i s  given by Eqs. (51) and (69) which can be rewr i t ten  as 

The f u e l  re- 

P i t ch  

Roll  

r ( f t )  t (days)  

I (sec) (95) 
-6 o 

= 7.093 x 10 
( 3 4 5 0  SP 

Figure 6 is a p l o t  of E q s .  (94) and (95).  

A s  an example, the  year ly  amount of f u e l  required t o  maintain a 

500-ft  rad ius  p l a t e  a t  a 45' p i t c h  a t t i t u d e  i f  I 

from Fig.  6 as follows 

i s  70 sec i s  obtained 
SP 
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I I I I l l 1 1  

10 1 o2 1 o3 1 o4 
t (days ) 

Fig.6-Fuel requirement to maintain a 45O pi tch or roll att i tude 
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c 

(?)(+) = 1.942 x 

or  

m 
- =  1.387 x 
m 
0 

(97) 

Thus, about 1.4 per  cent  of the  t o t a l  veh ic l e  weight would be needed 

p e r  year t o  maintain i t s  a t t i t u d e  a g a i n s t  t h e  m a x i m u m  grav i ty  grad ien t  

moment i n  p i t c h .  

SINUSOIDAL ATTITUDE VARIATION 

The f u e l  requirements t o  maintain s inusoida l  o s c i l l a t i o n s  of t h e  

p l a t e  in  p i t c h  and i n  yaw are spec i f i ed  i n  Eqs. (61) and (77) respec t ive ly .  

I f  the  dr iv ing  frequency u) i s  l a r g e  compared t o  the  o r b i t a l  angular  rate 

these two equations reduce t o  the  form 
wO 

m A r w  F 0 0  - = - p e r  cyc le  
mo g0Isp 

where A 

t o  give the f u e l  requirement f o r  a time t as follows 

represents  e i t h e r  cyo o r  Bo. Equation (98) can be  modified 
0 

2 m 2n Aorof 
t F - =  

m 0 g0Isp 
(99) 

o r  
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Figure 7 i s  a p l o t  of Eq. (100) using f ,  t h e  d r iv ing  frequency, i n  

cycles/day as the  independent va r i ab le .  

0 As an example,  determine the  da i ly  f u e l  requirement f o r  an 8 

pi tch o s c i l l a t i o n  a t  100 cycles  p e r  day f o r  a p l a t e  of rad ius  equal  

t o  500 f t  and a s p e c i f i c  impulse of 70 sec.  From Fig.  7 i t  is  seen 

t h a t  

-4 = 3.942 x 10 
0 

o r  

mF -2 
- =  2.253 x 10 m 
0 

A t  t h i s  ra te  of f u e l  expenditure the v e h i c l e  would ,e reduced t o  

h a l f  of i t s  i n i t i a l  weight i n  about 30 days. Thus, the use of t h i s  

type of system f o r  mechanical scanning a t  t h i s  rate does n o t  appear 

t o  be f e a s i b l e .  

ORBITAL INCLINATION COMPENSATION 

I f  t he  r e f l e c t i n g  p l a t e  i s  on a synchronous o r b i t  which i s  in -  

c l ined  a t  an angle  i t o  the equator ia l  p lane ,  i t s  ground trace de- 

s c r i b e s  the  f a m i l i a r  f i g u r e  e i g h t  pa t t e rn  on the  ground. It i s  of 

i n t e r e s t  t o  determine the  amount of f u e l  required t o  keep the  p l a t e  

po in t ing  a t  a p a r t i c u l a r  po in t  on the e a r t h ,  

the  e q u a t o r i a l  c ross ing  po in t  is se lec ted  as the  t a r g e t  t o  be t racked.  

Under these  condi t ions  the  required p i t c h  and r o l l  angles  are given 

by t h e  r e l a t i o n s  

0 

For example, suppose 



30 

1 

1 
1 1 0 

I I I I I I l l .  - 
1 o2 

Fig.7- Fuel requirement for driven oscillations in  p i tch or ro l l  attitude 

1 o3 
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cyi - - - cyo s i n  2wot 

pi = Bo s i n  U) t 
0 

where the  p i t c h  and r o l l  amplitudes cy 

approximation f o r  values  of i 

and Bo a r e  given t o  a good 
0 

l e s s  than about 45' by 
0 

R s i n  i 
(106) 

0 0 - 
r - Ro 

C 
Bo - 

Subs t i t u t ion  of these condi t ions in to  Eqs .  (61) and (77) gives  the  

t o t a l  f u e l  requirement p e r  day as 

7 r  w R 
0 0 0  (1 - cos i + 2 s i n  i ) F m 

- =  
m 0 2( rc  - Ro> goIsp 0 0 

A s  an  example, i f  a 500-f t  rad ius  plate  i s  on an o r b i t  with a 30 0 in-  

c l i n a t i o n  and with an I 

given by 

of 70 sec ,  the year ly  f u e l  requirement i s  
SP 

m 
- =  .452 x 
m 
0 

o r  a l i t t l e  less than ha l f  of one percent of the veh ic l e  weight.  

ORBITAL ECCENTRICITY CWENSATION 

I f  a v e h i c l e  i s  on an equator ia l  o r b i t  with a synchronous period 

bu t  wi th  a s m a l l  e c c e n t r i c i t y  e ,  then the s u b s a t e l l i t e  po in t  on the 

equator  has  a c e n t r a l  angle given by 
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. 

A e  = 2s s i n  UI 0 t 

I f  the f la t  p l a t e  on o r b i t  i s  required t o  t r a c k  t h e  mean s u b s a t e l l i t e  

p o i n t  on the  e a r t h ,  the required p i t c h  angle  v a r i a t i o n  is  given by 

R 
0 

r - R  
C 0 

A 0  

2s Ro 
- - s i n  w o t  r - R  

C 0 

The f u e l  requirement pe r  day f o r  t he  motion spec i f i ed  by Eq. (110) can 

be determined from Eq. (61) as 

For a 500-f t  radius  p l a t e  and a s p e c i f i c  impulse of 70 s e c ,  the  yea r ly  

f u e l  requirement i s  found t o  be  

F m - = .0023s pe r  year  
m 
0 

which i s  neg l ib ib l e  f o r  any reasonable  eccentricity.  

STATION-KEEPING PROPULSION 

In add i t ion  t o  the var ious  a t t i t u d e  con t ro l  propuls ion requirements 

considered above, i t  is  a l s o  necessary t o  provide s ta t ion-keeping  pro- 

pulsion t o  c o r r e c t  f o r  the  e f f e c t s  of t he  e a r t h ' s  equa to r i a l  e l l i p t i c i t y .  

In  Ref. 2 ,  the m a x i m u m  propuls ion requirement w a s  ind ica ted  as 1 7  f t / s e c  

p e r  year of operat ion.  However, s i n c e  the  pub l i ca t ion  of R e f .  2, 
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a n a l y s i s  of the t racking  d a t a  on Syncom 2 (Ref. 3) i n d i c a t e s  that the  

J22 term i n  the  e a r t h ' s  p o t e n t i a l  i s  less than had o r i g i n a l l y  been 

assumed. A more real is t ic  va lue  of the  maximum propuls ion requirement 

i f  6 f t / s e c  per  year .  The mass of f u e l  requi red  f o r  t h i s  purpose,  

assuming again a s p e c i f i c  impulse of 70 sec, i s  found t o  be 

= .00266 per  yea r  

EFFECT OF RADIATION PRESSURE 

It i s  obvious t h a t  f o r  the  idea l ized  f l a t  p l a t e  considered i n  t h i s  

Memorandum the re  would be no moment due t o  s o l a r  r ad ia t ion  pressure  

s ince ,  by symmetry, t he  cen te r  of pressure and center of mass would 

be  co inc ident .  However, i n  an a c t u a l  des ign ,  nonuniformit ies  i n  e i t h e r  

mass d i s t r i b u t i o n  o r  r e f l e c t i v i t y  of t he  su r face  can r e s u l t  i n  an o f f -  

set between the center of pressure  and the cen te r  of m a s s  w i t h  a re- 

s u l t i n g  moment appl ied  t o  the veh ic l e .  

It i s  of i n t e r e s t  t o  determine the magnitude of this moment and 

the a t t i t u d e  con t ro l  f u e l  requirement i n  order  t o  counter t h i s  e f f e c t .  

The magnitude of the required con t ro l  moment 

2 Mc - - rrro po A r  

can be expressed as 

(114) 

where p i s  the  magnitude of t he  r ad ia t ion  p res su re  and A r  i s  t h e  o f f -  

set between center of pressure  and cen te r  of mass. 

0 

The t h r u s t  required t o  produce t h i s  moment i s  given by 
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T = vro po A r  

and i n  the  same manner as i n  the  body of the  Memorandum the  impulse 

required i s  determined as 

t 
I = Tdt = rrro po A r t  

0 

Fina l ly ,  t he  mass of f u e l  required i s  expressed as 

nr0 po A r t  

I m =  F 
SP 

In  t h i s  case t h e  f u e l  requirement i s  independent of the t o t a l  mass 

on o r b i t  and depends only on the  dimension of the v e h i c l e  and i t s  re- 

f l e c t i n g  p rope r i t e s .  

A s  a worst  ca se ,  i t  i s  assuned t h a t  t he  s o l a r  r a d i a t i o n  is normally 

Under these con- inc ident  and t h a t  the su r face  i s  a p e r f e c t  r e f l e c t o r .  

d i t i o n s  

2 
= 1.865 x l b s / f t  

P O  

and Eq. (117) can be  expressed as 

r ( f t )  Ar ( f t )  t (days)  -2  0 

mF(lbs) = 5.062 x 10 I (sec) 
SP 

which i s  p lo t t ed  i n  Fig.  8. 

A s  an example, suppose a 500-f t  r ad ius  p l a t e  has  an o f f s e t  of 1 f t  

between the  cen te r  of mass and the  c e n t e r  of pressure  and a s p e c i f i c  im- 

pulse  of 70 sec. 

the  r e su l t i ng  r a d i a t i o n  pressure  moment. 

Determine the  y e a r l y  f u e l  requirement t o  counterac t  

From Fig.  8 i t  i s  seen t h a t  



. 

and as a r e s u l t  
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m F (&)= rot 5.062 x 

m = 132.0 l b s / y r  F 

This f u e l  expenditure does not seem excessive f o r  a v e h i c l e  of  the 

s i z e  assumed. 
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Fig.8- Fuel requirement for control of radiation pressure moment 
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IV. DISCUSSION 

I n  a l l  of t he  expressions f o r  f u e l  requirements determined i n  the  

previous sec t ion ,  it has  been assumed t h a t  t he  p l a t e  has a uniform mass 

d i s t r i b u t i o n .  I f ,  on the  o ther  hand, a l l  of t he  mass i s  concentrated 

a t  t h e  circumference of t he  p l a t e ,  then a l l  of t h e  f u e l  requirements 

are doubled with the  exception of t h a t  f o r  s t a t i o n  keeping. 

An examination of the  va r ious  con t ro l l ed  responses considered 

ind ica t e s  t h a t  t he  r e s u l t i n g  f u e l  requirements t o  maintain e i t h e r  a 

s teady-s ta te  de f l ec t ion  o r  low-frequency ( o r b i t a l  per iod)  o s c i l l a t i o n s  

are of t he  same order  as the  s ta t ion-keeping f u e l  requirement. On t he  

o the r  hand, i f  t he  v e h i c l e  i s  required t o  undergo high-frequency (of 

the  order  of 100 cycles/day) o s c i l l a t i o n s  i n  p i t c h  and/or  r o l l ,  t h e  

r e s u l t i n g  f u e l  requirements can become excessive.  

Obviously, the f e a s i b i l i t y  of c o n t r o l l i n g  t h e  a t t i t u d e  of such a 

v e h i c l e  i s  dependent on the s i z e  and mass d i s t r i b u t i o n  of the  p l a t e ,  the  

s p e c i f i c  impulse of the f u e l  and the  a t t i t u d e  v a r i a t i o n s  required f o r  

the  contemplated mission. U n t i l  these  th ings  are spec i f i ed  , t he  f e a s i -  

b i l i t y  cannot be determined. However, the working formulas and graphs 

presented i n  Sect ion I11 should be  of a s s i s t a n c e  i n  a r r i v i n g  a t  a f eas -  

i b l e  design of such a con t ro l  system. 


